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The Entropy of Partitions on MV-Algebras'
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Partitions of MV-algebrasare studied. Using the notion of astate (asaprobabilistic
measure) on MV-algebras, we introduce the entropy of partitions. We show a
suitable method for the refinement of partitions and the subadditivity of the
entropy with respect to this refinement.

1. INTRODUCTION

The entropy of partitions on probabilistic spaces was introduced by
Kolmogorov and Singj [6, 10] as a useful tool for studying the isomorphism
of dynamical systems. In recent years the entropy of partitions has been
applied in many other structures. For example, for an overview of severa
types of entropy in the fuzzy environment see ref. 5. Common sketches of
the entropy on some structures were generalized by Rietan and Neubrunn
[9] using the notion of an algebraic entropy. In this paper we will investigate
the entropy of partitions on MV-algebras.

2. PRELIMINARIES

MV-algebras were introduced by Chang [1] (see also ref. 4). There are
often used as an algebraic model for many-valued logics.

Definition 1 [1, 4]. An algebra{., O, 1, ', @ O} is said to be an MV-
algebra iff it satisfies the following conditions:

(MV1) xXPy)PBz=xD(yD 2 (associativity)

(MV2) XPy=ydx (symmetry)

(MV3) x@ 0= x (neutral element)
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(MV4) x@ 1=1 (annihilator)

(MV5) 0'=1and1l =0 (boundary conditions)
(MV6) xXOQy= X Dy) (DeMorgan law)

(MV7) yoO (ybxX) =xD xDy') (compatibility)

Note that (MV7) ensures (x')’ = xfor adl x e J, i.e., the complementa-
tion": M - A isan involutive mapping. In addition, by the De Morgan law
(MV6), the operation © isassociative and symmetric, with the neutral element
1 and annihilator 0.

Further, the compatibility alows us to introduce the lattice structure
on Jt:

xOy=x® xy), xOy=xXDy)0Oy
and the partial order =:
X<y iff xOy=y

Any MV-algebraisadistributive | attice with respect to the operations Cand 1.
For more details and other properties of MV-algebras see the overview
by Cignoli et al. [4].

Example 1. Let $ be a subset of the interval [0, 1] of real numbers such
tha0 e $,1 e $,andif a b € &, then

ad®b:=minl,a+hb)ed
aOb:=max(0,a+b—-1)e9
a=1—-ae¥

where symbols + and — denote the usual sum and difference of real numbers.
The system ¢ is an MV-algebra. Moreover,

a b = max(a, b), a b = min(a, b)
and the relation = is the natural order of real numbers.
It is not difficult to show that, for a, b € ¢,
adbb=a+b ifandonlyif a=b' ' =1-0b
As an explicit example, we will take the system $ = {0, I/n, 2/n, . . .,
1},ne N.Thenfora,b e $,a=k/n,b =1I/n,k=n,| = n, we obtain

a®b= min(l, %) a®b= max(o, Lﬁ)
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Another example is the system $ = @ N [0, 1], where Q is the set of
all rational numbers.

It is known that an MV-algebra { M, O, 1, ', &, O} can be identified
with a Boolean D-poset { L, O, 1, <, ©} [3, 7] and the operation of difference
(©) is given by

abb=@ ®hb)=a0b forany a, b e .t

Definition 2. A state on an MV-dgebra Jl is a mapping m: Jt — [0, 1]
satisfying the following conditions:

(i m@Q) =1
(i) If a,7a@=aypa=[1a), then m@ = m@a)
+ 25 m(@, © a,-q).

Note that asimilar definition of astate on an MV-agebrawas established
by Chovanec [2].

Lemma 1. If a = b, then the following hold:

() mb) = m@) + mb O a).
(i) m(b© a) = mb) — ma).
(i) m(a) = m(b).

Proof. If a =< b, then b = a O b. Using condition (ii) of Definition 2
directly, we obtain the property (i), i.e, m(b) = m(a) + m(b © a), and
consequently the equation in (ii).

Considering that m(b © a) = 0, the inequality m(b) = m(a) follows
from (i).

Lemma 2. If a = b’, then m(a & b) = m(a) + m(b).

Proof. Let a < b'. Taketwo elementsaandc =a® b. Thenc©S a=
(@® b)© a=D>b[2] and a = c. Thus according to Lemma 1, we get m(c)
=m@) + m(c © a) = m(@ + m(b). Hence m(a & b) = m(a) + m(b).

Definition 3. Two elements a, b e Jl are orthogonal iff a = b’, and
we denote this by the symbol a L b.

A finite sysem P = (a, a,, . . ., &) of elements of the MV-algebra .it
will be said to be a -orthogonal system iff

|
(@a)Lam forl=1,2,...,k—1
i=1

By Lemma 2, it is obvious that for any &-orthogonal system % C M
and any state m on the MV-algebra .it it holds that
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4

3. ENTROPY OF PARTITIONS

16

au):im(a)

i=1

Now we can introduce a partition on an MV-algebra. Let it be an MV-
algebra and let m be a state on ..

Definition 4. A system P = (a;, a5, ..., &) C Jl is said to be the
partition of At corresponding to the state m iff

(P1) P isthe -orthogona system.

(P2) n(é a) 1
i=1

Note that Mundici [8] has introduced a partition on a given MV-algebra
Jt idependently on a given state m. However, each Mundici partition is aso
a partition with respect to an arbitrary state m.

Definition 5. Let the system P = (a4, &, . . ., &) be a partition of MV-
algebra M corresponding to a state m. Then the entropy of the partition P
with respect to mis defined by

k
Hr(P) = — 2,1 o(m(a))

where o(x) = x log x, x > 0, with the convention ¢(0) = 0.

Definition 6. We will say that a state m on MV-algebra Jl has Bayes
Property iff it satisfies the following condition:

Let the system (by, by, . . ., b)) be any partition corresponding to a state
mand a € JL; then

m<6|9 @o bj)> = m(a)
j=1

Lemma 3. Let Q = (by, by, ..., b) be a partition or MV-algebra i,
a e Jl, and the state m has Bayes' property. Then

i m(a © b)) = m(a)
=1

Proof. Let Q = (b, by, .. ., by) be a partition of MV-algebra il corres-
ponding to a state m which has Bayes' property. First we will show that the
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system (@ © by, a®© by, ..., a® b) is@-orthogonal. Put ¢, = aO by, j =
1,2 ...,1.Weneed to provethatc, L C,, (C;PCy)) L Cg ...

Butc, L == =a0b0b =@0by).

According to (MV6), (a © by)’ = a’ @ by From the ®-orthogonality
of the system Q we have b; = bj. Using the monotonicity of operations
and ©, we obtain

aOb,=b=b,=a &b

Similarly, we will prove that (c; & ¢,) L ¢, whichis equivaent to (a © by)
D @Oby) =(@0Ohy). Seeingtha @O b)) =a ©byandb; D b, =
b3 (Q is G-orthogonal), we can write

@Ob)B@Ob)=b Dh=by=a D b;

The rest of the proof is obvious.
Second, for the ©-orthogonal system Q, by Lemma 2 and Definition 6
it holds that

i m@ao b)) = m(@la @o bj)) =ma =
i=1 =1

Definition 7. Let P = (a3, ay, ..., a) and Q = (by, b,, ..., b) betwo
partitions of an MV-algebra .t corresponding to a state m. Then the common
refinement of these partitions will be defined as the system

PUQ=@EOb;aePbeQi=12....kj=12...,1)

Lemma 5. If the state m has Bayes property, then the system P U Q
is a partition of MV-agebra ., too.

Proof. Let P = (a3, @, ..., &) and Q = (by, b, ..., b) be partitions
of MV-algebra .l corresponding to astate m. Put ¢; = g O by, i = 1, 2,
Lakj=12 ..., 1

Condition (P1): The proof is similar to that in the first part of Lemma
3. ThereforethesyssemP U Q = (c;; i =12, ...,k j=1,2...,1)is
@-orthogonal.

Condition (P2): By the Bayes property of the state m and the &-
orthogonality of the system P U Q we obtain

m(lé(é ci,j) = m(é (ElD (O] bj))> = }k: rr(é &o b,-))
ihj=1 i=1\j=1 i=1 j=1
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Theorem 1. Let P = (a;, &, ..., &) and Q = (b, by, ..., b) be
partitions of MV-algebra .l corresponding to a state mwhich have the Bayes
property, and H,, (P) and H,(Q) be their entropies. Then

Hn(P U Q) = Hn(P) + Hin(Q)

Proof. Assume that the premises of Theorem 1 are satisfied. First we
will introduce the conditional state: Let a, b € Al and m be a state on J.
Then the conditional state is

0, m(b) = 0
m(a/b) = {m(a O b)/m(b), m(b) >0

Further, we use the convexity of the function ¢(x) = x log x, x = 0. By
Jensen’s inequality we have

| | |
(E 0%) Elajcp(xj), where Elocj =1 and o, % [0, 1]
=1 i= i=

1
Now we put o = m(ly) and X = m(a/by),j =1,2,...,1. Theng, x < [0, 1],

Sl oy = 23 m(by) = 1. Using the definition of a conditional state and
Lemma 3, we can express

I 3 Ym(a /b m(a; © by)
3 ax = 3, momia) = 3 me) Hoe D

|
= j;l m(a © b) = m(a)

|
cp(jEl a,-x,-) = o(m(a)) for i=1,2...,k

Similarly, we compute

| | |
j;l ajp(x) = E m(by)e(m(ailb)) = E m(ky)m(a;/by) log(m(ai/by))
m@ © by)

2
m(g © by)
mb) 0 mb)

= ;1 m(a © by)(log m(a © by) — log m(by))

—Ewm

| |
= ,;1 m(a © by log ma © by) — ,Zl m(a © by) log m(ky)
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|
= ; oM@ O b)) — 2 m(a © by) log m(by)

[
Then the inegquality (1) has the form
| |
e(m(@)) = El (Mm@ © b)) — El m(a; © by log m(b)
i= i=
fori=12 ...,k

Summarizing these inequalities, we obtain

k k|
2, ¢(m(a)) = ; 2 e(m(a © b)) — E E m(a © by) log m(by)

i=1j=1
By Lemma 3, EH m@a ©b) =mb),j=12...,I Therefore

”M”‘

| k |
; m(a © by) log m(ky) = 2 <2 m(g © bj)) log m(by) = ,21 ¢(m(by))

Hence
k k1 |
El o(m@)) = El El e(m@ © by)) — El o(m(by))
i= i=1j= i=
If we rewrite the last inequality in the language of entropies, then we have
_Hm(P) = - Hm(P ) Q) + Hm(Q)

Hn(P U Q) = Hy(P) + H(Q) =

The above results show that it is possible to introduce some notions of
probability theory on MV-algebras.
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